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1 Introduction

The foundation of macroeconomic theory on microeconomic principles has
been one of the most important developments in economics. By now it is
standard to view the decision maker (households, firms, state) as operating
in a complex stochastic environment. In particular, agents are conceived
as players in a dynamic stochastic game. Typically, it is assumed that the
players understand the rules of the game and can foresee the consequences of
their actions on themselves and on others. The agents are thus understood
to choose strategies which maximize their objective function.

From a modeling point of view, it is therefore necessary to specify exactly
the information at the disposal of agents, the technology available to them
and the restrictions which constrain their actions. The decisions depend typ-
ically on expectations about the future. These expectations will influence
the actions of the agents already today, thereby determining the possibilities
of the agent in the future. This intertemporal interaction is visualized in
figure 1. It is also important to emphasize that this strategic intertempo-
ral interaction is typical for economics system and differentiate them from

physical systems.

2 Basic concepts

In order to understand the issues involved in Dynamic Programming, it is in-
structive to start with the simple example of inventory management. Denote
the stock of inventory at the beginning of period ¢ by X, then the manager
has to decide on how much to order to replenish the stock. The order U, is
considered to be the control variable. In each period the inventory is reduced
by satisfying a stochastic demand Z;. It is assumed that the manager does
not know the realized value of demand at the time he makes the decision.
The situation is depicted in figure 2.

In this problem the variable which characterizes the state of the inventory,
in our case Xy, is called the state variable of the system. The state variable

or shortly the state must lie in some set called the state space denoted by
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X. The control variable or control, for short, takes values in some set C. As
the demand Z; is assumed to be identically and independently distributed,
the state is just the inventory carried over from last period. Because next

period’s inventory is just given by the accounting identity
Xt+1 — Xt + Ut — Zta (21)

the control could as well be X;,1. In a more general context, demand follows
a stochastic process {Z;} governed by some transition function ) where
tomorrow’s demand depends on the demand realized today and possibly on
the control U;. In this more general setup, the state is given by (X;, Z;).

In each period, the manager faces some costs. In our example the costs
are twofold. On the one hand inventory holdings are costly. This cost is
denoted by h(X;y1). The inventory costs may also account for shortage cost
for unfilled order if X;,; < 0. On the other hand, each order produces some

cost ¢ U;. In each period total costs amount to:
C Ut + h(Xt+1> (22)

The transition equation (2.1) and the cost or utility function (period
valuation) are the main ingredients of the inventory problem. The objective
of the manager is to minimize expected discounted costs:

T-1

J(wo) =Eo Y B(c U+ h(Xi11))

= Lo th(Xt, Ui, Zt) + gr(X7) — r%in, 0<p<1 (2.3)
t
t=0
starting in period 0 with inventory xy. The optimization is subject to a

feasibility constraint
U el'(X;)=[0,B—X;] CC=0,B] (2.4)

where B is the maximal storage capacity.
It is clear that it is not optimal to set the controls Uy, ..., Ur_; in advance

at time 0 without knowing the realizations of demand. It is thus definitely



better to decide upon the order at time t after knowing the state X;. We
are therefore confronted with a sequential decision problem. The gathering
of information, here observing the state X;, becomes essential. This way
of viewing the decision problem implies that we are actually not interested
in setting numerical values for U; in each period, but in a strategy, rule,
reaction function, or policy function p; which assigns to each possible state
X; an action (X)) = Uyt

The control Uy must lie in some subset I'(X;) C C, the control constraint
set at X;. I assigns to every state X; a set I'(X;) = [0, B — X;] and is thus a
set valued function or correspondence from X into the subsets of C. As noted
in the footnote before, in a general stochastic context I' may depend on X,
and Z;,. Tt is typically assumed that T'(z) # () for all z € X. This implies
that there is always a feasible choice to make.

Let M ={u: X — Cs.t.u(z) € N'x)}. We call m = (po, i, - -+, r—1) a
feasible policy if u € M. The set of all feasible policies is called the policy
space and is denoted by II. If 7 = (u,p,...,p), 7™ is called a stationary
policy. In our example X = [0, B], C = [0, B], and I'(X;) = [0, B — X}].

With this notation we can rewrite our decision problem as

T—-1
‘]W(XO) = IE:D Z gt(Xt7 :ut(Xt)a Zt) + gT<XT) — I7P€11III (25)
t=0

where J;(Xj) is called the value function at X,. The expectation is taken
with respect to the probability measure on (Z, Z1, ... ) induced by @ given
initial conditions (xg, z9). An optimal policy is thus a policy 7* which mini-
mizes the cost functional given the initial conditions xy. The optimal value

function or optimal cost function J*(x¢) is defined as
J*(x) = ;21% Jr(x0) (2.6)

The optimal policy thus satisfies: J*(xg) = J«(xo). It is important to
realize the sequential nature of the problem which makes the gathering of

information about the state of the system indispensable:

n case {Z;} is not i.i.d. the policy function can also depend on Z;.



1. The decision maker observes the state of the system (i.e. X;) and

applies his decision rule U; = 1, (X7).
2. The demand Z, is realized according to some transition function Q).

3. Cost or benefit g,(Xy, py(Xy), Z;) is incurred and added to the costs or
benefits of previous periods. In the last period cost or benefit is gr(X7r)

only.

4. The state in the next period is constructed according to the transition
function Xt+1 = ft(Xt7 /Lt(Xt), Zt) = Xt + Ut — Zt.

5. Start again in 1.

3 The Bellman equation and the principle of
optimality

The recursive nature of the decision problem leads to the principle of opti-
mality due to Bellman. This principle is at the heart of the dynamic pro-
gramming technique and is intimately related to the idea of time consistency
(see Kydland and Prescott, 1977). Suppose we have selected an optimal pol-
icy 7 = (ug, i, ..., ;). Consider then the subproblem arising in period
7,0 <7< T —1, when the system is in state X,:

T—1
E, Z 9e(Xe, pe(Xe), Zy) + gr(X7p) — min.
t=r
The principle of optimality then states that the truncated policy (uf, p,q, ..., 5 1)
is also optimal for the above subproblem. The intuition is simple: if the trun-
cated policy were not optimal for the subproblem, the decision maker would
be able to reduce cost further by switching to an optimal policy for the sub-
problem once X, has been reached. This idea can be exploited by solving
the decision problem by backward induction. For this purpose consider the

decision problem in period T'— 1 with given state Xp_;. Clearly the decision



maker chooses Uj_; = pir—1(Xr—_1) € I'(Xp_1) in order to minimize

Er 1 [97-1(Xr-1, pr—1(X7-1), Zr-1) + 97(X7)] .

Denote the optimal cost for the last period by Jr_1(X7_1):

JT—1(XT—1) = min ]ET—l[gT—l(XT—b NT—l(XT—1)7 ZT—l)

Ur_1€l'(Xr_1)

+ gT( fT—l(XT—la Ur_1, ZT—l)/ )]

-~

=Xr

Jr_1 is clearly a function of X7 ;. In the process of computing Jr_1(X7_1),
we automatically obtain the optimal policy Uj_; = pi_1(Xr_1) € I'(X7_1)
for period T'— 1. Going back one period to period T'— 2 with state X7_,, the
decision maker should not just minimize expected period cost but take the
consequence of his decision for period 1" — 1 into account. Thus he should
minimize the expected period cost in T'— 2 plus the expected period in T'—1
given that an optimal policy is followed in period T"— 1. He must therefore

minimize:

ET—Q [gT—2(XT—27 IIIT—Z(XT—Q)a ZT—Q) + JT—l(XT—l)]

— min
Ur_o=pr—_2(X7r_2)el(X1r_2)

Denoting the optimal cost by Jr_o(Xr_3), we get:

Jro(Xr o) = min Er_olgr—o(Xr—_o, pr—o(Xp_9), Zp_
T 2( T 2) Uitz —a (X 2) D (Xr—2) T Q[QT 2( T—2, U1 2( T 2) T 2)
+ Jr_1(X7-1))
Going back further in time we obtain
Ju(Xy) = min Eig:(Xe, pe(Xe), Zi) 4+ Jig1 (Xig1)]

Ur=pi (X)€€' (Xe)

where X;;; can be substituted by X1 = fi( X, e (Xt), Z;). From this rea-

soning we can derive the following proposition.



Proposition 3.1. If J*(X,) is the optimal cost, J*(Xo) = Jo(Xo). More-

over,

Jt(Xt) = Utlef%l(l)l(t)Et[gt(Xt, U, Zt) + Jt—f—l(ft(Xt; U, Zt))] t=0,1,..., 71,

and Jp(Xr) = gr(Xr). Furthermore, if U = p;(X;) € I'(Xy) minimizes the
right hand side above for each Xy, then the policy © = (ug, 145, - -, Wr_y) s

optimal.

In macroeconomics, we have, typically, a maximization instead of a min-
imization problem and the following time invariant specification which leads

us to consider only time invariant policies m = (u, g, . .., p):
o gi(Xp, W(Xe), Zy) = B'U(Xp, (Xi));
o Xip1 = [(Xe, u(Xe), Ze);
o Jr(Xr)=0.

The above iteration can therefore be rewritten as follows:

Ji(Xy) = UFM&ISQ(XO BU (X, (X)) + Jea (F (X, (Xy), Z4))]
_—
Vg1 (Xe) = max  U(Xy, p(Xy)) + BENV(f (X, u(Xi), Z4))

Us=p(X)el (Xy)

where VT t( ) ﬁ tJt( )
We might then consider the limit

lim Vi(z) =V (z).

t—o00

If this limit exists, it must satisfy the following functional equation, called

Bellman equation:

Viz) = max U(z,u) + FEV(2/) (3.1)
= urgra(;( U(z,u) 4+ BEV(f(x,u,2")) (3.2)



where a prime denotes next period’s value. The expectation E is conditional
on the information available to the agent. It must be emphasized that in
the Bellman equation the unknown is not a number as in standard algebraic
equations, but a function. In this context the following mathematical issues

arise:

1. Does the limit exist? Is the limit independent from the initial functional
Vo?

2. Does the Bellman equation have a unique solution? Can it be found

by iteration irrespective of the starting functional?

3. Does there exist a time invariant policy function p? What are the

properties of such a function?

4. Is V and/or pu differentiable? If so we obtain an analogue to the enve-

lope theorem, the so-called Benveniste-Scheinkman formula:

oV(xz) OU(w,u)
or  Ox + AR

ovV(z") Of(x,u,z)
o X e (3.3)

4 Examples

4.1 Intertemporal job search

Consider the following simplified intertemporal job search model. Suppose
that a worker, if unemployed, receives in each period a job offer which
promises to pay w forever. If he accepts the offer he receives w in all subse-
quent periods. Assuming that the worker lives forever, the value of the job

offer in period t is
oo

W
D Fw=15

T=t

If he rejects the offer, he receives an unemployment compensation ¢ and
the chance to receive a new wage offer next period. Wage offers are drawn
from a known probability distribution given by F(w') = Plw < w'| with
F(0) =0 and F(B) = 1 for some B < co. Denoting the value of a wage offer



by V(w) and assuming that wage offers are independent draws, the value of

waiting one more period therefore is

c+ 5 /OOO V(w")dF(w)

Thus the value of a wage offer must satisfy the following functional equa-
tion:

V(w) = max {% c+ B /0 N V(w’)dF(w’)} (4.1)

From figure 3, we see that the solution must have the reservation wage prop-

erty:

Viw) = { =+ B [V (w)dF(w), “2)

_w_
-5

VOIA
= =

w
w
where W is called the reservation wage. It is determined through the follow-

ing equation:

% =c+ 5/000 V(Ww)dF(w') =W —c = % /;(w’ ~ W)dF(v')
(4.3)

SWoc =5 [ v - Tarw)
(4.4)

where the left hand side represents the cost of searching one more time having
a wage offer W at hand and where the right hand side is the expected benefit
of searching one more time in terms of the expected present value associated
with drawing an offer w’ > W.

Manipulating the above equation then leads to an alternative character-

ization of the reservation wage:

w

W —c=B(FEw—-c)+ 6/ F(w")dw' (4.5)
0

This characterization immediately shows that an increase in unemployment

compensation or a mean-preserving increase in risk causes the reservation

wage to rise.?

2The derivation of equations (4.3), (4.4), and (4.5) can be found in Appendix C.

9
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v

0 reject W accept
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Figure 3: Job search model

The search model can be used to get a simple equilibrium model of un-
employment known as the bathtub model. In each period, the worker faces a
given probability a € (0,1) of surviving into the next period. Leaving the
remaining parts of the problem unchanged, the worker’s Bellman equation

becomes:
V(w) = max {ﬁ c+af / V(w’)dF(w’)} | (4.6)

This is essentially the same equation with only the discount factor changing.
Let the implied reservation wage be w. Assume that in each period there is a
constant fraction 1 — « of new born workers. They replace an equal number
of newly departed workers. If all new workers start out being unemployed,

the unemployment rate U, obeys the law of motion:
U =(1-a)+aF(0)Us_. (4.7)

The right hand side is the sum of the fraction of new born workers and

the fraction of surviving workers who remained unemployed at the end of

10



last period (i.e. those who rejected offers because they were less than the
reservation wage w). The steady state unemployment rate U* is

11—«

U =1 ar@)

(4.8)

Let N be the length of time until a successful offer is encountered. N =1
means that the first job offer is accepted. If A denotes the probability that a
job offer is rejected, i.e. A = [ dF(w), then P[N = j] = (1 — A\)A~'. Thus,
the waiting time is geometrically distributed. The mean waiting time then

becomes

S PIN =gl = 31— AN = % (4.9)

Next we show that it is never optimal for the worker to quit. For this

purpose consider the following three options:

(A1): accept the wage and keep it forever: a5

(A2): accept the wage and quit after ¢ periods:

w — (af)'w

O ¢ (asy (c vas [ Viuna F(w,))

w LW — W
R
(A3): reject the wage: ¢+ aff [V(w)dF(vw') = 1lzﬂ

If w < w, then A1l < A2 < A3, and if w > w, then A1 > A2 > A3. The
three alternatives yield the same lifetime utility if w = w. Thus, A2 is never

optimal.

4.2 The Cake Eating Problem

Suppose that you want to eat a cake over the periods t = 0,1,...,7T. Your

intertemporal utility functional V' is:

T

Ve, 1y .. 0r) = Zﬁt Inc,.

t=0

11



The cake has an initial size of ky > 0. The transition equation for the size of
the cake clearly is:

ki1 = ks — ¢

The Euler equation for the above optimization problem is given by
U/(Ct) = 5U/(Ct+1) — Ciy1 = ﬁCt.

The size of the cake in each period can therefore be computed as follows:

klzko—CO
ko = ki —c1 = ko — cg— Beo
el
2 5 15

ks =ky —co=ko—co— Pcog—Bco=ko— (1 4+ B+ B%)co = ko — Co
k by
2 Cc2

1 — T+1
kT+1:ko—%Co

From this derivation we see that the Euler equation does not uniquely deter-
mine the path of {k;}. Only if we add the transversality condition that the
cake must be completely eaten in period 7', i.e. kry 1 = 0, can we solve the

problem uniquely:

1-p
Co = 1_—5,11_&_1]{50
For T' — oo, we get:
Co = (1 - 5)/?0
which implies
Ct = (1 — B)kt

The last equation can be interpreted as the optimal policy rule.

12



The value of the cake when T" — oo is thus given by

V(ko) = V(co, 1, - - . Zﬁt In¢, = Zﬂt In (S'c

mBZtﬁ tlne Zﬁt ﬁlnﬂ 4+ ne

1—5
_ Bmp | (1= Ak
- (1-pp 1—§
_ Bln +ln(1—ﬁ)+ 1 In kg

(1-p)2 1-p 1-4
4.3 The Neoclassical Growth Model

The simple neoclassical growth model (Ramsey model) has become the work
horse of modern macroeconomics. We will start with a simplified determin-
istic version with inelastic labor supply. For this purpose consider a closed
economy whose production possibilities are described by a neoclassical pro-

duction function F' in capital £ and labor n:

F:R+XR+—>R+

It is assumed that F' is continuously differentiable, strictly monotonically
increasing in both arguments, homogenous of degree one (constant returns
to scale), and strictly quasi-concave. Moreover, we assume that both capital

and labor are essential, i.e. F(0,n) = F(k,0) = 0, and that the Inada
OF (k,n) BF kn — 0.
ok =

The labor force is constant over time and normalized to one: 0 § ny < 1.

= oo and limy_ oo —2722

conditions hold for capital, i.e. limy_,q

The output y; can either be consumed or invested:
cr iy < yp = F(ke,ny).

If output is invested, the capital stock in the next period changes according

to the transition equation:
kipr = (1= 8)ke + i

13



where the depreciation rate § € [0,1]. Thus we have the following resource

constraint:
e+ ki — (1= 0)ke < F(ky,ny)

The economy is populated by a continuum of identical households. The
representative household lives forever and derives utility from consumption

only according to the additive utility functional:
Ulco,cr,-..) = BU(e), 0<pf<1
t=0

where (3 is the subjective discount factor. The period utility function U
is assumed to be twice continuously differentiable, strictly increasing, and
strictly concave with lim._,o U’(¢) = oco. Thus the decision problem of the
representative household is given by the following intertemporal maximiza-

tion problem:

U(e,) — max
tz;ﬁ ( t) {ct,ktr1,me}
s.t. ¢ + kt+1 — (1 — (5)/{315 < F(/{:t,nt)
¢ >0,0<n,<1,k>0

ko > 0 given.
This problem can be simplified through the following arguments:

e There is always a positive value for output because U’ > 0. This implies
that the resource constraint must hold with equality. Thus choosing
ki1 automatically implies a value for ¢; given k;. We can therefore

choose k1 instead of ¢; as the control variable.

e Because labor is supplied inelastically and because the marginal prod-

uct of labor is always positive, n, = 1 for all ¢.

e Allowing old capital to be retransformed into consumption goods, the

resource constraint can be rewritten as
e+ ki = Fky, 1) + (1 =0k = f(ky)

14



With these modification the above maximization problem can be rewritten

as
Z B'U(f (k) — key1) — max
=0 {kt+1}
s.t. 0 S kt+1 S f(kt>
ko > 0 given.

Note that f inherits the properties of F. Given the properties of f, it is easy
to see that there exists a maximal sustainable capital stock k. > 0. Setting
¢ = 0 forever, this maximal capital is determined by equation k = f(k)
which has a unique positive solution, given the properties of f. The state
variable for this economy is obviously k; so that the state space is the left
open interval X = (0, max{ko, kmax }]. This space including 0 may be taken
to be the control space, i.e. C = [0, max{ko, kmax}|. The correspondence
describing the control constraint is I'(k;) = [0, f(k;)] € C. Alternatively, we
can write the maximization problem as a functional equation by applying
the dynamic programming technique:

V(k) = sup {U(f(k)—K)+ BV (K)}

k'€l (k)

This functional equation can be solved by at least three methods. We illus-
trate these methods for the case of a logarithmic utility function, a Cobb-
Douglas production function, F'(k,n) = Ak®n'~* and complete depreciation
within the period (i.e. § = 1). This is one of two specifications for which an

explicit analytic solution is available.?

Solution method 1: Value function iteration As will be justified later
on, one can approach the solution by iteration. Having found a value function
V; in the j-th iteration, the Bellman equation delivers a new value function
Vit

Vini(k) = sup {U(F(k) - K1)+ BV;(K)}

3The other specification involves a quadratic objective function coupled with linear

constraints (see Section 4.4).

15



Most importantly, we can start the iteration with an arbitrary function V.
Take, for example, the function Vy(k) = 0. Then the Bellman equation

simplifies to

Vi(k) = S {U(f(k) =K}

The maximization problem delivers k&' = (k) = 0. Inserting the solution
into the Bellman equation leads to Vi(k) =In A+ alnk = v(()l) + v§1) Ink.
The equation for V5 is then given by
Va(k) = sup {U(f(k) — k') + BVi(K)}.
k€T (k)
The first order condition of the maximization problem delivers:
1 af
Ake — k' T 1+ap
Inserting this optimal value into the objective function yields:
1+ aB)Ak* —af Ak
1+ ap

Aa
1+aﬁ+ﬁlnA+aﬁln1+a6

AE®.

1 /
/Bay = K = (k)

‘/Q(k'):hl( +BInA+aflnk

=1In

+a(l+af)Ink
@)

= 082) + v§2) Ink
The equation for V3 is then given by
Va(k) = sup {U(f(k) —K)+ BVa(K)}.
k' eT(k)
The first order condition for the maximization problem delivers:
1 _ af4a?p?

Ak — k' 14 af+a2p?

This leads to the following value function Vj:

AEk®.

:aﬁ(l%—aﬁ)% = K = us(k)

Aaf
21n A + af?1
[+ap 7 inAtelnmog

4 AaB(1+ af)
S ey L W Fup 2
+9(1 +af + a26221nk

o

Vs(k) = Bl

+1

= up” + oY Ink.

16



The structure of the solutions Vg, Vi, V5, V3, and so on, leads to the
conjecture that, by taking j to infinity, the value function is (log-)linear with

V (k) = vp + vy Ink where vy is given by:

— 1 () _ «
NS T 1 0B

Similarly, the policy function k&’ = u;(k) converges to

J i
M:hmwwyzmpﬁﬂgﬁﬂwzamM%
J—oo I Zizo(a )l

Solution method 2: Guess and verifying With this solution method
we guess the type of solution and verify that it is indeed a solution. This
is a feasible strategy because from theoretical considerations we know that
there is a unique solution. Take the guess V (k) = E + F In k with constants

E and F yet to be determined. The maximization problem then becomes:
In(Ak* — k) + pV(K) =In(Ak* — k') + BE + FInk’ — max.

The first order condition is

1 1 Fg
b gt o = = Ak,
A Py k) =175

Inserting this optimal value into the objective function yields:

Fp
1+ Fp

E+Flnk:1n(Ak°‘— Aka>+Eﬁ+Fﬁln< Fp Ako‘)

1+ F3

This implies

FpBA
+alnk+ ES+ FfGln p

4 Flnk=1
Pk =In =0 1+ Fp

+ Faflnk

Equating the coefficients of In k leads to following equation for F"

(%

1—ap

F=a+Faf — F=

Thus, k¥’ = u(k) = af Ak* as before.

17



Inserting this results into the objective function leads to:

(1—5)E:1n(1—a5)+1n,4+1f‘iﬁln(Aaﬁ) { (1+1_iﬁ)—1_‘)‘&5} Ink
zln(1—aﬁ)+1nA+1f‘iﬁln(Aaﬁ)
=
E— 2 (1 (1—ap)+In A+ on In(A 6))
1_5 n « n /611 «

Note that first order condition delivers a first order linear difference equa-
tion in k;:
k FB
T TR 3
Ink;y =InAaf + alnk,

2 Ak =B Ak

As 0 < a < 1 this is a stable difference equation.

Solution method 3: Difference equation The first order condition for

the maximization problem is:
U'(f(k) —K') = BV'(K).

From the Benveniste-Scheinkman formula we get:

V) = U(FR) — ) () = U'CF(R) — K)o BV (k) O
= V')~ K (R

We therefore get the following second order difference equation:

U'(f(k) = K) = BU'(f(K) = K") f'(K)

1 1 o1
e —Tn DAk e e
Kiv1 _ AaBk,
Akp — kypr AkPy — ko
1 B af

(Akf/kpin) =1 1= (ko /AR,
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difference equation for savings rate Y, with af = 0.3
45°—|ine\\\\\i

1+ap

Yy = 1+0B - (aBly)

o
a1
T

0 0.5 1 15 2

Figure 4: Ramsey model

If we set yy11 = Ak;}j17 we get the following non-linear difference equation:

Y1 = (1 +af) — —.

This equation admits two steady states: a5 and 1. The second steady state
cannot be optimal because it implies that there is no consumption. As the
second steady state is unstable, we must have y, = o8 which implies k;; =
Aaf k. The situation is depicted in figure 4

4.4 The Linear Regulator Problem

Another prototypical case is when the objective function is quadratic and

the law of motion linear. Consider the following general setup know as the
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Optimal Linear Regulator Problem:

V(wo) ==Y B (@iRuy + ujQue) — max,  0<f <1 (4.10)
t=0 t
T = Axy + Buy, xo given,

where z; denotes the n-dimensional state vector and u; the k-vector of con-
trols. R is positive semidefinite symmetric n x n matrix and () is a positive
definite symmetric k x k matrix. A and B are n X n, respectively n x k ma-
trices. Note that the problem has been simplified by allowing no interaction
between x; and u;.

The Bellman equation can thus be written as
V(z) = max —{(x}Rr; + u;Quy) + BV (x41)} st @y = Awy + Buy,
Ut

where V'(x;) denotes the value of x in period t. We may solve this equation
by guessing that V(z) = —a’Px for some positive semidefinite symmetric
matrix P. Using this guess and the law of motion the Bellman equation

becomes:
—12'Px = max —{2' Rz + v'Qu + S(Az + Bu)' P(Az + Bu)}

The first order condition of the maximization problem of the right hand side

is*

(Q+ BB'PB)u=—p3B'PAx.
Thus, we get the feedback rule:

u=—Fr=—-3(Q+ 3B'PB)"'B'PAx.
Inserting this rule into the Bellman equation and rearranging terms leads to
P=R+ BAPA—*APB(Q+ B'PB) 'B'PA.
This equation is known as the Riccati equation. It can be solved by iteration:

Pj,y = R+ BAPA— 3 APB(Q+ B'P;B)'B'P;A

. . . . /
4Here we used the following rules for matrix derivatives: % =A, %‘2? =A, % =

(A+ Az,
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starting from Py = 0. A sufficient condition for the iteration to converge is
that the eigenvalues of A are absolutely strictly smaller than one.
If the optimal rule is inserted into the law of motion, we obtain the closed-
loop solution:
zi41 = (A— BF)xy

This difference equation is stable if the eigenvalues of A — BF are strictly
smaller than one in absolute value. There is a large literature investigating
the conditions on R, @, A, and B such a stable closed loop solution obtains.
Basically, two conditions must be met. First, A and B must be such that
the controller can drive down z; to zero starting from any initial condition
. Second, the R must be such that the controller wants to drive x; to zero.

As an illustration consider the following simple numerical example with
=1, A=1 B=1,Q =1, and R = 1. It is instructive to note that this
specification allows for the possibility that some plans yield a limit to the
infinite sum in (4.10) equal to —oo. Such plans are, however, never optimal
as they are dominated by plans with a finite limit. The general principles
of dynamic programming outlined in Chapter 5 give a theoretical account
of this possibility (see in particular Assumption (5.2)). Given the scalar

specification, the Riccati equation can be solved analytically:®

2

P
le—l—P—1

P=(1 2~1.61
— = (1+5)/ 618

The negative solution can be disregarded because we are looking for positive

solutions. This implies that

P

Inserting this in the law of motion for x; gives the closed-loop solution:

P 1
Ti1 = 1_H——P $t=1+P$t

This solution is stable despite A =1 and § = 1. Finally, V(z) = P2? < oo.

°It can also be shown that the Riccati difference equation is stable although A = 1 and

B=1.
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5 Principles of Dynamic Programming: the

deterministic case

As we have seen, many dynamic economic problems can be cast in either of
the two following forms: a sequence problem (SP) or a functional (Bellman)

equation (FE).

(SP) sup Z BtF(%, $t+1)

{ze+1}1820 =0

sit. w1 € T'(2y), o given

(FE) V() = sup {F(z,y) + 8V (y)}

y€el'(z)

where 0 < 8 < 1. The optimization problem is thus completely specified
(X,T, F,5) where X is the state space, I' a correspondence from X into X
describing the feasibility constraints, a period return function F' defined on
A, the graph of I' (i.e. A ={(z,y) € X x X :y € '(x)}), and a subjective
discount factor g with 0 < 8 < 1.

A sequence m = {x;} is called a plan. A plan is called feasible if z;.1 €
I'(z;) for all t. The set of all feasible plan starting in x, is denoted by II(zy).
Thus any 7 € II(xg) fulfills the constraints of (SP). In order for the problem

to make sense, the following two assumptions must hold:
Assumption 5.1. Vz € X, T'(z) # 0, in particular TI(xq) # 0.

Assumption 5.2. Vxy € X and V7 € Il(zg), limyr_ ZtT:o F(xy,x441) ex-

1sts. Limiat values of oo and —oo are possible.

Note that assumption 5.2 is fulfilled if F' is bounded.
For any T'=0,1,2,... define the function Ur : II(zy) — R by

Ur(m) = ZBtF(ﬂft, Tip1).

=0
This is just the partial sum of discounted returns for a feasible plan 7. As-

sumption 5.2 allows to define a function U : II(zy) — R by
U(r) = lim Ur(n)

T—o0
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where R may now include co and —oo. By assumption 5.1, TI(zg) is not
empty and the objective function in (SP) is well defined. This allows us to
define the supremum function V*: X — R by

V*(xg) = sup U(m)

TFEH((E())

This function is well defined and is the unique function which satisfies:
(1) If [V*(x0)| < 00, V*(x9) > U(m) for all m € II(xy).
(ii) If |[V*(xo)| < 00, Ve > 03m € () : V*(zo) < U(m) + €.

(iii) If |V*(zo)| = oo, there exists a sequence of plans {7} such that U(my)

converges to oo.

(iv) If |V*(zg)] = —oo, there exists a sequence of plans {m;} such that

U(my) converges to —oo.
Thus V* satisfies the (FE),
(i) if [V*(xo)| < 00, V*(xg) > F(xo,y) + BV*(y) for all y € T'(xy);
(i) [V*(xo)| = o0, Imi € T'(xo) : limysoo F(20, Yi) + BV (yr) = o0;
(ili) |V*(xo)| = —o0, F(zo,y) + BV*(y) = —oo for all y € I'(zo).

Lemma 5.1. If the problem (X,T', F, ) satisfies assumptions 5.1 and 5.2,
then
U(r) = F(xo, 1) 4+ SU(7") Vi € l(xg) and Vg € X

where ™ = (x1,22,...).

Proposition 5.1. If the problem (X,I', F,3) satisfies assumptions 5.1 and
5.2, V* satisfies (FE).

Proposition 5.2. If the problem (X,I', F,3) satisfies assumptions 5.1 and
5.2, then for any solution V' to (FE) which satisfies the transversality con-
dition
. t .
i PV ) =0
for all m € T'(xg) and for all xy € X, V = V*.
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Remark 5.1. Proposition 5.2 implies that the solution to (FE) is unique.
A feasible plan 7* is optimal for xq if U(7*) = V*(x0).

Proposition 5.3. If the problem (X,I', F, 3) satisfies assumptions 5.1 and

5.2, any optimal plan 7 which attains the supremum in (SP) satisfies
Vi(ay) = Flag, wgyq) + BV (i)

Proposition 5.4. If the problem (X,1', F, 3) satisfies assumptions 5.1 and

5.2, any optimal plan 7 which satisfies
Vi (xy) = F(ay, xiy) + BV (2144)
and
lim sup B*V*(x;) <0
t—00
attains the supremum in (SP).
Every nonempty correspondence p: X — X with pu(x) C I'(z) is called a

policy correspondence. 1f pu(x) is single valued, it is called a policy function.

The optimal policy correspondence p* is defined by
pi(x) ={y € Wz) : V(z) = F(z,y) + BV (y)}-
The dynamic programming approach is best understood if one views T

TV (z) = sup {F(z,y) + BV (y)}

y€el'(z)

as an operator on some function space. We will use the space of bounded
continuous functions from X into R, denoted by B(X'), as the appropriate
function space. This space is a Banach space with the supremum norm (i.e.
|fll = supyex f(x)). Convergence in this space is equivalent to uniform
convergence. A solution to (FE) is therefore nothing but a fized-point of this
operator in B(X):

V=TV
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Note that all function in B(X) satisfy the transversality condition. The idea
of using this operator view is the following. Suppose V; has some property.
Then we ask if TV} also has this property. If this is true T*V} has also this
property. But then V' = lim,_,, T*V; will also share this property because of
uniform convergence. In order to make this idea workable, we have to place

additional assumption on our decision problem.

Assumption 5.3. X C R™ is convex. I" is nonempty, compact, and contin-

UOUS.
Assumption 5.4. F': A — R s bounded and continuous and 0 < < 1.

Theorem 5.1 (Solution of Bellman Equation). Under assumptions 5.3 and
5.4 the operator T defined as

(Tf)(x) = sup {F(z,y) + BV (y)}

yel'(z)

has the following properties:
(i) T :B(X) = B(X).
(i1) T has exactly one fized-point V.
(iit) VVo € B(X), [|TVo — V| < B*[Vo = V.
(iv) The policy correspondence is compact and u.h.c
Assumption 5.5. For ally, F(z,y) is strictly increasing in x.
Assumption 5.6. I' is increasing, i.e. x <2’ = I'(x) C I'(2).

Theorem 5.2 (Properties of the Solution). Under assumptions 5.3, 5.4, 5.5
and 5.6, the solution V' to (FE) is strictly increasing.

Assumption 5.7. F(x,y) is concave (with strict inequality if x # z’).

Assumption 5.8. I' is conver in the sense that for any 6, 0 < 6 < 1, and
v, @ € X,y € I'(x) and y' € T'(x') implies Oy + (1 —0)y’ € T'(0x + (1 —6)2’).

This assumption excludes increasing returns to scale.
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Theorem 5.3 (Further Properties of the Solution). Under assumptions 5.3,
5.4, 5.7, and 5.8 if V satisfies (FE) and the policy correspondence G is well
defined then

(1) V is strictly concave and
(i1) G is continuous and single-valued.

Theorem 5.4 (Solution found by Iteration). Let (X, I, F, B) satisfy assump-
tions 5.3, 5.4, 5.7, and 5.8 and let V' satisfy (FE) with a well-defined policy
correspondence G. Denote by B'(X) the space of bounded, continuous, con-

cave functionals and let Vo € B'(X). Define {(Vi,, gn)} by
(i) Voyr =TV,, n=0,1,2,..., and

(i) gn(x) = arg maxyer)[F(x,y) + BVa(y)].

Then {gn} converges point wise to g. If X is compact, the convergence is

uniform.

Theorem 5.5 (Differentiability of Solution). Let (X, T, F, 8) satisfy assump-
tions 5.3, 5.4, 5.7, and 5.8 and let V satisfy (FE) with a well-defined policy
correspondence G. In addition let F' be continuously differentiable on the
interior of the graph of U'. If o € intX and g(zo) € intl'(zg), then V is

continuously differentiable at xy with derivative given by
Vi(wo) = Fi(wo, (o)), 1=1,...,m.

The subscript i denotes the derivative with respect to the i-th element of
To € R™.

Remark 5.2. If V is twice continuously differentiable, the monotonicity of
g could be established by differentiating F,(z, g(x)) = bV'(x). Although V is
continuously differentiable under fairly general conditions, conditions ensur-

ing that V' 1s twice continuously differentiable are quite strong.
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6 Principles of Dynamic Programming: the

stochastic case

In the following we will consider stochastic dynamic programming problems
of the following type:
Ve = sw (Pl +8 [ Ve
Z

yel(,2)

The major difference is that the agent(s) have to take stochastic shocks into
account. This implies that the supremum has to be taken with respect to
F' plus the expected value of discounted future V. The shocks are governed
by a transition function (). Under suitable assumptions on the shocks, the
required mathematical properties of the value function V' are preserved under
integration. Thus, the results for the deterministic model carry over virtually
without change.

The state space is now the product space of the measurable spaces (X, X)
and (Z,3), i.e. (§,6) = (X x Z,%X x 3), describing the possible values of
the endogenous and exogenous state variables. () is a transition function on
(Z,3). The correspondence I' describing the feasibility constraints is now
a correspondence from § into X. The graph of I'" is denoted by A, i.e.
A={(r,y,2) e ¥ x X x Z:yeTI'(x,2)}. Fisagain a one period return
function on A and [ is the subjective discount factor with 0 < g < 1.

Assumption 6.1. X C R is closed and convex with Borel subsets X.
Assumption 6.2. One of the following conditions hold:

(i) Z is a countable set and 3 is the o-algebra containing all subsets of Z.

(i1) Z is a compact and convexr subset of R™ with Borel subsets 3 and the

transition function @ on (Z,3) has the Feller property.

Assumption 6.3. The correspondencel’ : X X Z — X is nonempty, compact-

valued and continuous.

Assumption 6.4. The period return function F': A — R s bounded and
continuous, and S € (0,1).
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Theorem 6.1 (Solution of the Stochastic Bellman Equation). Let (X, X),
(Z,3), Q, T, F, and B satisfy assumptions 6.1, 6.2, 6.3, and 6.4. Define the
operator T on B(S) by

@) = s {2 +5 [ )06}

yel(z,2)

Then the operator T has the following properties:
(1) T :B(S) — B(S);
(ii) T has a unique fized point V;
(i) YV € B(S), |[T"Vo = V| <p"||Vo—=V] ,n=1,2,...;

(iv) The policy correspondence G : S — X defined by

6(e.) = {y € 102 V(w2) = Flon2) 45 [ Vi Q(e,02)
z
15 nonempty, compact-valued and u.h.c.

Assumption 6.5. V(y,2) € X x Z, F(.,y,2) : A, . = R is strictly increas-
mng.

Assumption 6.6. Vz € Z, I'(.,2) : X — X is strictly increasing, i.e. © <
¥ =T(z,2) CT(2,2).

Theorem 6.2 (Property of Solution: Stochastic Case). Let (X,X), (Z,3),
Q, I', F, and B satisfy assumptions 6.1, 6.2, 6.3, 6.4, 6.5, and 6.6. If V
denotes the fized point of T, then, Vz € Z, V(.,2) : X — R is strictly

INCreasing.

Assumption 6.7. Vz € Z, F(.,.,z) : A, = R satisfies: F(0(x,y) + (1 —
0)(x,7 y,)7 Z) Z GF(‘T7 y? Z)+(1_0)F(x/7 y/7 Z)) ve e (07 1)7 V(‘/L’? y)? (‘/'r;/7 y/) E AZ
and the inequality is strict if © # x'.

Assumption 6.8. Vz € Z and Vx,2' € X, y € I'(x,2) and y € T'(2,2)

implies
Oy + (1 —0)y € T(0z+ (1 —0)2',2) for any 6 € [0, 1].
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Theorem 6.3 (Further Properties of Solution: Stochastic Case). Let (X, X),
(Z,3), Q, T, F, and (8 satisfy assumptions 6.1, 6.2, 6.3, 6.4, 6.7, and 6.8.
If V' denotes the fized point of T and G the policy correspondence, then,
Vze Z, V(,z) : X — R is strictly concave and G(.,z) : X — X is a

continuous (single-valued) function.

Theorem 6.4 (Solution found by Iteration: Stochastic Case). Let (X, X),
(Z,3), Q, I, F, and [ satisfy assumptions 6.1, 6.2, 6.3, 6.4, 6.7, and 6.8.
If V denotes the fixed point of T and g = G the single-valued policy function,
then V. € €'(S), the set of bounded continuous functions on S which are

weakly concave jointly in their first m arguments. Moreover, if Vi € €'(S)
and if {(Vyn, gn)} is defined by

V,=TV,_1,n=1,2,...
and

gn(z) = arg max {F(:c,y,z) + B/Zvn(y, z’)Q(z,dz')} .

z€l'(z,2)

Then {gn} converges pointwise to g. If X and Z are both compact, then the

convergence 18 uniform.

Assumption 6.9. Vz € Z, F(., ., z) is continuously differentiable at (x,y) €
intA,.

Theorem 6.5 (Differentiability of Solution: Stochastic Case). Let (X, X),
(Z,3), Q, I, F, and 8 satisfy assumptions 6.1, 6.2, 6.3, 6.4, 6.7, 6.8, and
6.9. If V € &€(S) denotes the unique fized point of T and g = G the single-
valued policy function, then V (., z) is continuously differentiable in x at g

for xy € intX and g(xg, z0) € IntG(xo, 20) with derivatives given by
‘/i(1:0720) :E($Oag<$0azﬂ)720)7 1= 1727"'7m'

The subscript i denotes the deriwative with respect to the i-th element.
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7 The Lucas Tree Model

This presentation follows closely the exposition given in Sargent (1987, chap-
ter 3). For details we refer to the original paper by Lucas (1978). Imagine an
economy composed of a large number of agents with identical preferences and
endowments. Each agent owns exactly one tree which is perfectly durable.
In each period, the tree yields a fruit or dividend d;. The fruit is the only
consumption good and is nonstorable. Denote by p; the price of the tree.

Then each agent is assumed to maximize
EoZﬁtU(Ct)a 0<p <1,
t=0

subject to
A = Ri(Ay — o), Ap given.

Denoting the return R; is given by R, = (pi11 + di+1)/pe the Euler equation

for this maximization problem is

iU’ (1) = BE(prs1 + diy 1)U (coqn)- (7.1)

Because all agents are identical and there is no satiation, every agent just

consumes this period’s dividends. Thus, we have in equilibrium
Ct = dt-

Inserting the equilibrium condition into the Euler equation yields

U'(di+1)
U'(dy)

[terating this equation forward in time and using the law of iterated expec-

pe = BE, (pre1 + dey1) (7.2)

tations, we get the solution

pe = Ey Z 5j
j=1

Jl_[l /(dt+z+1 Ao
=0 U/ dtJr v
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which simplifies to

= Udy)
=K (S ax KAy S 7.3
pt t ; /B U/(dt) t+7 ( )
The share price is the expected discounted stream of dividends, but with
time-varying and stochastic discount factors.

An interesting formula is obtained by taking U(c) = Inc. In this case,

the pricing formula (7.3) simplifies to

Pt:Et25jdt: 1—-3 d.

Jj=1

This is a simple asset-pricing function which maps the state of the economy
at time t, d;, into the price of an asset at time ¢.

In order for the conditional expectation in equation (7.1) to be well-
defined, it is necessary to impute to the representative agent a view about
the law of motion over time of d; and p;. The specification of an actual law
of motion for d;, which agents are supposed to know, and a perceived pricing
function that maps the history of d; into p; implies that a law of motion for
p: has been perceived. Given that E; in equation (7.1) is computed using
the perceived pricing function, equation (7.1) maps the perceived pricing
function into an actual pricing function. The notion of a rational expectation
equiltbrium is that the actual pricing function equals the perceived pricing
function. In the following, we will exploit this notion in more detail.

Suppose that dividends evolve according to a Markov process with time-

invariant transition probability distribution function F'(2’,x) defined as
F(a',x) = Pldyyr < 2|dy = 2.

Conditional expectations are computed with respect to this law which is
supposed to be known by all agents.

Denote by s; the number of shares held by the agent. The period budget
constraint is

et + pisir1 < (pr + dy)se.
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Lifetime utility is again given by

oo

Eo Y BU(q), 0<pB<L

t=0

As explained in the previous paragraph, in order for the conditional expec-

tation to be well-defined we must specify a law of motion for the stock price:

pr = h(xy).

This law of motion together with the evolution of x; defines the perceived
law of motion for the tree prices. The Bellman equation can then be written

as

V(s(h(x) +x)) = m;/mx{U( (h(z) +z) — h(z)s")

x)
+5/ x’))dF(x',a:)} . (7.4)
The first order condition for this optimization problem is

h(x)U'(s(h(x) + x) — 5/ )+ 2 YV (' (h(2") + 2"))dF (2, x).

Differentiating the Bellman equation (7.4) with respect to s, we obtain the

Benveniste-Scheinkman formula which reads as
(h(z) + 2)V'(s(h(z) + ) = (h(x) + 2)U"(s(h(x) + x) — h(x)s")
or by simplifying
V' (s(h(z) + 2)) = U'(s(h(x) + z) — h(z)s)

Combining the Benveniste-Scheinkman formula and the first-order condition

we get

h(x)U'(s(h(x) + x)
= ﬁ/ )+ 22U (s'(h(2") + ) — h(2")s")dF (2, x)
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Defining w(z) by
w(z) = h(@)U'(s(h(x) + x) = h(z)s),
we obtain
6/ "NdF (2, x +5/xU’ (') + 2") — h(2")s")dF (2, x)
In equilibrium s = ¢’ = s” = 1 because all agents and all trees are alike so

that consumption c¢(z) = s(h(xz) + ) — h(x)s’ = x. Thus, we obtain the

functional equation in the unknown function w(z):

5/ NAF (2, x +B/xU’ )AF (2, ) (7.5)

where w(z) = h(z)U'(z). Thus, once w(x) has been determined, the pricing
function h(x) can be recovered from w( ) = h(z)U'(z) as U'(x) is known.
Denote by g(z) the function g(z) = 3 [2'U’'(2')dF (2, x), then we can

define the operator T as follows

5/ NAF(x,7) + g(x)

In order to apply Blackwell’s sufficient condition for a contraction (see The-
orem B.3), we must show that T is a continuous mapping from the space of
continuous and bounded functionals, B(X) with X C R", to itself. For this
purpose, we follow Lucas (1978) and assume that the utility function U(c) is
bounded by some number B and concave with U(0) = 0. The definition of
concavity of U implies that U(y) —U(z) < U'(z)(y —x). Setting y = 0, then
leads to zU'(z) < B. Thus,

= ﬂ/x'U'(:E’)dF(x',x) < B < B.

Therefore g(x) is also bounded by B. Given some mild technical conditions
on the transition function F(2’, ), it can be shown that g(z) is also continu-
ous. Thus, T is continuous. It is then easy to verify that T is monotone and
discounts. Let wy, wy € B(X) such that wy(z) < wy(x) for all z € X, then

(Tw)(z) = B / ()P (2, 7) + g(x)
<5 / wn(a)AF (&', 2) + g(x) = (Twy)(z).
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Thus, T is monotone. Furthermore, for any constant ¢ € R we have

(Tw+ o)) =6 [+ )@)F@, ) + gl
= 5/ NAF(2',x) + Bc/dF(m',x) + g(z) = (Tw)(x) + Be.

Thus, T discounts. Therefore T is a contraction so that a unique fixed point

exists. This fixed point is approached by iterations on w(x), respectively
h(z):

W+ ﬁ/ VAR (2, 7) + g(2),

or in terms of h(x)

RUHD (g =0 / 2 )AF (2, 2) + g(x) (7.6)

Thus, the operator T maps a perceived pricing function A9 into an actual
pricing function hUtY. A rational expectation equilibrium is then nothing
but a fixed point of this mapping so that the actual pricing function equals
the perceived one.

As an example, take U(x) = Inz. With this utility function g(z) =
B [a'(1/2")dF(2/,x) = B. Guess that the solution is of the form h(z) = az.
This implies that

axé :B/ax’%dF(x',x)+B =af+f

which results in

B B
- p 1-p

The Lucas tree model highlights a general principle for the construction

a= giving the solution h(x) = T.

of asset-pricing models:

(i) Describe the preferences, technology, and endowments of a dynamic
economy. Find the equilibrium intertemporal consumption allocation.

This is typically the solution of a social planning problem.
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(ii) Open up a specific market for an asset which represents a specific claim
on future consumption. Assume no trade restrictions and derive the

corresponding Euler equation.

(iii) Equate the consumption in the Euler equation to the general equilib-

rium values found in (i). Then derive the associated asset price.

7.1 The Equity Premium Puzzle

A far reaching application of the Lucas tree model has been presented by
Mehra and Prescott (1985). They investigate the empirical implications for
the risk premium, i.e. the difference between the average return on equities
and the risk-free rate. They work with a discrete state-space version of the
model. Suppose that there are n > 2 state of the world which determine the
growth rates of dividends:

diy1 = Typ1dy

where the gross growth rate x;,; takes one of possible n values. i.e. ;41 €
{o1,...,0,}. The transition from one state to the next is governed by a

Markov chain given by
P[ZL’H_l = O'j|£L‘t = Ui] = Pij > 0.

Clearly, 2?21 P;; = 1. Given that all entries P;; are strictly positive the
chain is regular and therefore ergodic because for a given number of periods
each state of the chain can move to each state of the chain with a positive
probability.

The pricing of securities is ex-dividends and ex-interest. Assuming that

the utility function is of the constant relative risk aversion type, i.e. U(c) =

cl—*—1
l—a ?

price of equities:

o =E iﬂjU/(de)d _E iﬂj dy Ao
t t . U/<dt) t+7 t : d?_,'_ ‘ t+7-
Jj=1 j=1 J

The state is given by (d;, z;) and diy; = dyx4yq - .. 244;. This implies that the

0 < a < 00, the application of the Euler equation (7.3) delivers the

price of the equity in state (d,i), p(d,i), is homogeneous in d;. The Euler
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equation (7.2) becomes

n

p(d,i) = B Py(o;d)"[ployd, j) + o;d]d".

Jj=1

As the price is homogeneous in the dividends, we can write p(d, ) as p(d, i) =

w;d and the above equation can be written as
wzd = B Z PijO'j_a[w]'O'jd + Ujd]
j=1

which simplifies to

5233011 o + 1.

This is a system of n equations in n unknowns w;. This equation system can

be written in matrix form as

w = PYXw + BPYi
which results in the solution
w = B(I, — BPY) ' PYi

where i is a vector of ones and where Y is a diagonal matrix with diagonal
entries ajl._o‘, j=1...,n
In order to bring the model to the data, we compute the mean return
for equities, R¢, and for the risk-free rate, Rf. Given that the economy is in
state ¢ the expected return on the equity is
plojd,i) +o;d —p(d,i) o;(w;+1)

j=1

Thus, the average return on equity is

n
= E Uy Rze
j=i
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where m = (my,...,m,) is the stationary distribution for P = (P;), i.e. 7w
solves m = 7P.

The risk-free asset pays one unit of consumption irrespectively of the
state. Thus, the price of this asset, p/(d, i) in state (d, ) is

pl(di) =B Pylo;d) *d* =B Pylo;) ™"
j=1 j=1

Thus, the return is state ¢ is

1
Di
This gives the average return on the risk-free asset as

i=1

In their paper Mehra and Prescott (1985) calibrate this model to the U.S.
data over the period 1889 to 1978 setting n = 2. They find

b (0.43 0.57) - (01> _ (1.054) |
0.57 0.43 0P 0.982
They then compute the combinations of the average risk-free rate and the
average risk-premium R¢ — R/ for values of the risk aversion parameter o
ranging from small positive numbers to a maximum of 10 and for the discount
factor 8 ranging from 0.925 to 0.9999. This delineates an admissible region
reproduced in Figure 5. The empirical average over this period for the risk
premium is 6.18 percent and 0.80 percent for the risk-free rate. These values
are way of the admissible region, the model is clearly incompatible with
the data. This result turned out to be very robust and is since then called

the equity premium puzzle. This puzzle is still not completely resolved and

remains an active area of research (see the survey by Mehra and Prescott,
2003).

A Some Topological Concepts

Definition A.1. The set X C R" is convex iff
r+(1—-0)ye X forallx,y € X and 0 < 0 < 1.
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Figure 5: The Equity Premium Puzzle

Definition A.2. Let f be a function from X C R"™ to R where X is a convex

set. Then f is convex on X iff
fOx+ (1 —=0)y) <O0f(x)+(1-0)f(y) forallz,y € X and 0 < 6 < 1.

The function f is said to be strictly convex if the inequality above is strict.
The function is said to concave, respectively strictly concave, if the inequality

s reversed.

Definition A.3. A compact-valued correspondence I' : X — ) is upper
hemi-continuous (u.h.c.) at x if I'(x) is nonempty and if, for every sequence
T, — x and every sequence {y,} with y, € I'(z,) for all n, there exists a

convergent subsequence of {y,} whose limit point y is in I'(z).

Definition A.4. The function f : X C R"™ — R where X is conver is

quasi-concave iff

fly) > flx)= f(Oy+ (1 —0)x) > f(x) forallz,y e X and 0 <0 < 1.

38



The function f is said to be strictly quasi-concave iff
fy) =z f(@) = f0y+ (1 —=0)x)> f(z)
forall x,y € X withx #vy and 0 <6 < 1.

Remark A.1. fis quasi-concave iff {x € X : f(z) > a} is convex for all
a € R.

Remark A.2. f is concave implies that f is quasi-concave. The converse is

not true.

Definition A.5. A metric (distance) on some set X is a mapping d : X X
X — [0,00) such that

(1) d(z,y) =0 if and only if v =y (definiteness)
(11) d(z,y) = d(y,x) (symmetry)
(i1i) d(z,y) < d(z,z) +d(z,y) (triangle inequality)

for all x,y,z € X. A metric space is a pair (X,d) with X being a set and d

being a metric on it.

Definition A.6. A sequence {z,}n,ew in a metric space (X,d) is called a

cauchy sequence if d(x,, z,,) — 0 as n,m — oo, i.e. if
Ve > 03N € N such that Yn,m > N : d(x,, x,) < €.

Lemma A.1. Let (X,d) be a metric space. Then the following assertions
hold:

(i) Each convergent sequence in X is a Cauchy sequence.
(i) Each Cauchy sequence is bounded.

(111) If a Cauchy sequence has a convergent subsequence, then it converges.

Definition A.7. A metric d on a set X is called complete if every Cauchy
sequence converges. A metric space (X,d) is called complete if d is a com-

plete metric on X.

Theorem A.1. The Euclidean metric on R™ is complete.

39



B Fixed Point Theorems

Definition B.1. Let (X, d) be a metric space, then an operator T : X — X
is a contraction mapping (with modulus [3) if there exists a 5 € (0,1) such
that

d(Tx, Ty) < Bd(z,y) for all x,y € X.

Theorem B.1. IfT is a contraction mapping then T is uniformly continuous

on X, and thus continuous

Proof. For any ¢ > 0 chose § = ¢, then for all x,y with d(z,y) < ¢
d(Tz,Ty) < fd(z,y) < d(z,y) < § = e. Thus, T is uniformly continuous

and therefore also continuous. O

Theorem B.2 (Contraction Mapping Theorem). If (X,d) is a complete

metric space and T : X — X is a contraction mapping with modulus 3 then
(i) T has exactly one fized point x* € X;
(i1) For all xg € X, d(T"xo,2*) < f"d(xo,2*), n=0,1,2,...
Proof. UNIQUENESS: Suppose x and y are two fixed points of T, then
0 <d(z,y) = d(Tz, Ty) < Bd(x,y)

which implies by 8 < 1 that d(z,y) = 0, therefore x = y.
EXISTENCE: Fix 2y € X and define z,, as T"xy. The the triangular inequality
implies for any k£ € IN

d(xg, zx) < d(xo, 1) + d(x1, 22) + -+ - + d(x)_1, Tk
= d(z0,21) + d(Tzg, Toy) 4 - - - + d(T" oo, T )

1—p*k d(zg, x
SA+B+. B d(wo,21) = 5 _% d(z, 1) < (1 O_ﬁl)
Hence for any m,n € IN with m = n + k, we obtain
d(Tp, Tpy) = d(T "z, T"x) < ["d(x0, 21) < 15 5d(l‘0,$1).
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Figure 6: Contraction Mapping

Thus, {z,} is Cauchy sequence because " — 0 as n — oo. As X is a com-
plete metric space, the sequence converges to some z* € X, i.e. lim,_ o x, =

x*. Finally, the continuity of T implies that x* is fixed point:

Taz* = T( li_)m Tp) = li_)m Tz, = li_}rn Tpy1 = 2.
n o0 n o0 n o0

]

Remark B.1. Let X be a closed interval [a,b] and d(x,y) = |v —y|. Then

T:X — X is a contraction mapping if for some 5 € (0, 1),
Taxe—T
% <pB<1l, forallx,ye X withxF#y

T —y

Thus, T is a contraction mapping if its slope is uniformly smaller than one

in absolute value (see Figure 6).

Theorem B.3 (Blackwell’s sufficient condition). Let X C R™ and B(X) the
space of bounded functionals with the sup norm. If an operator T : B(X) —
B(X) satisfies
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(1) (monotonicity): f,g € B(X) with f(x) < g(x) for all x € X implies
Tf(z) < Tg(x);
(11) (discounting): There exists 5 € (0,1) such that for any function which

is constant to some value ¢ > 0, [T(f + ¢)](z) < (Tf)(x) + Be, for all
feBX),reX,

then T is a contraction with modulus (3.

Proof. For any f,g € B(X), f < g+ ||f —g||. Applying properties (i) and
(47) leads to
Tf<T(g+f—gl) <Tg+BIf - gl

Reversing the role of f and g

Tg <T(f + lf —gl) <Tf +BIIf =gl

Combining the two inequalities, we obtain ||Tf—Tg|| < 5| f —g| as required.
[l

Theorem B.4 (Brouwer’s Fixed Point Theorem). Any continuous map of a
nonempty compact convexr subset of a finite-dimensional normed space into

itself has at least one fized point.

An illustration of Brouwer’s fixed point theorem is given in Figure 7 where
f :]a,b] = [a,b]. In this simple example it is easy to convince oneself that
Tz must cross the 45°-line if we go from the left edge of the square to the
right edge. Mathematically speaking, define g(x) = f(z) — ) then g(a) > 0
and g(b) < 0. Hence by the mean value theorem, there exists ¢ such that
g(&) = 0 which is equivalent to f(&) = &.

Definition B.2. Let (Z,3) be a measurable space. A transition function is
a function Q : Z x (Z) — [0,1] such that

(1) Q(z,.) is a probability measure on (Z,3) for all z € Z

(i) Q(.,A) is a 3-measurable function for all A € 3.
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Figure 7: Illustration of Brouwer’s Fixed Point Theorem

Associated to any transition function @) is an operator T, called Markov

operator:
T = [ £)0(a2)

This operator maps the space of nonnegative, 3-measurable, extended real-
valued functions into itself. This operator is said to have the Feller property

if T is an operator on €(Z), the space of bounded continuous functions on

Z.
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C Derivation of Equations Characterizing the

Reservation Wage

In this appendix we derive equations (4.3), (4.4), and (4.5). From equa-
tion (4.2) we get

= 1_ﬁ/ dF (w / dF(w')
= +B/ —dF +6/ —dF

i@/@wdF(w’)—c:m/w (fuw" —w)dF(w')

adding w [° dF(w’) on both sides leads to

T = %/j(w' _ T dF () = 5/:0 V(W —w)dF(w)

These are equations (4.3) and (4.4). Finally,

wW—c= £ /Oo(w’ —w)dF(w')

1-0Jw

B v r / B B " _m)d !
+m/0 (w —w)dF(w)—m/o(w —w)dF(w')
:% /O (w’—w)dF(w’)—% /O (w — W)dF (w')
— f Ew — b w—i/ow(w'—w)aF(w’)

integrating by parts

w—c = FE(w — ¢ —i—ﬁ/wF(w')aw'
0

This is equation (4.5).
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D Mean Preserving Spreads

Consider a class of distribution functions F,.(z) indexed by r with support
included in [0, B], 0 < B < oo, and having the same mean. Note that if a
random variable X is distributed according to F). then its mean EX is given
by EX = fOB[l — F.(z)]dz.® Therefore, if F, and F, have the same mean,
then

/o [Fy(z) — Fy(z)] dz = 0.

Two distributions F, and F§ are said to satisfy the single-crossing property

if there exists Z such that
Fy(z) — F(z) <0 (>0)whenz >z (z<z).

If the two distributions satisfy the above two properties, we can regard Fy as
being obtained from F,. by shifting probability mass towards the tail of the

distribution keeping the mean constant. The two properties imply
y
/ F(z)— F(z)] dz >0 0<y<B
0

Rothschild and Stiglitz (1970) regard the move from F, to Fy as defining a
“mean-preserving increase in spread”. Figure 8 illustrates the single—crossing
property where Fi(x) is viewed as being more riskier than F,.(z).

If F, is differentiable with respect to r, we can give an alternative char-

acterization of a mean-preserving increase in risk:

/yﬁFr(x) dz > 0
0 a?" -

0<y<B

with [)7 20 qg =,

6This can be seen applying the integration-by—parts formula: fab(l — F)(z)dz = (1 -
F)b - [fad(l—F)=— [f2d(1-F) = [f2dF = EX.

a
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Figure 8: Two distributions satisfying the single-crossing property

E The Riemann-Stieltjes Integral

The usual Riemann integral is defined as
b n
| #@a = tim > 6w~ i)

where f is a real and bounded function defined on some interval [a, b]. The
X9, X1, ..., T, partition the interval [a,b] such that a = 2 < 1 < ... <
Tp—1 < T, = b. The & are arbitrary numbers from the interval [x;_;, z;]. Note
that the limit does not exist for every function. Thus, there are functions
which are not Riemann integrable. Monoton or continuous functions are
Riemann integrable.

This definition can be generalized to the so-called Riemann-Stieltjes inte-
gral by replacing (x; —x;_1) by (g(x;) —g(z;—1)) where g is some real bounded

function on [a, b]:
[ rdgte) = im 3 6 (9le2)  g(ri)).
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The Riemann-Stieltjes integral exists if f is continuous and ¢ is a function

7

of bounded variation.” For g(x) = x, we get the Riemann integral above.

Moreover, if ¢ is continuously differentiable with derivative ¢,

[ st = [ s @an

The Riemann-Stieltjes integral is particularly relevant when ¢ is a cu-
mulative distribution function. Such functions are right-continuous, nonde-
creasing with existing left-hand limits. Moreover, they can have countably
many discontinuity points (jumps) as will be the case, for example, with a
discrete probability distribution. Thus, the expectation of a random variable

X with distribution function F' can be written as

EX — /Oo 2dF(z) = [7 af(z)dz, if F has density f;

In the latter case F'is a step function.

TA function g on [a,b] is called a function of bounded variation if there exists
a constant M > 0 such that for all partitions zg,z1,...,2z, of the interval [a,]
Yo lg(xi) — g(wi—1)] < M. Continuous and monoton functions are of bounded vari-

ation.
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